The product of two N = 8 supersingletons yields an infinite tower of massless states of higher spin in four dimensional anti de Sitter space. All the states with spin s ≥ 1 correspond to generators of Vasiliev's super higher spin algebra shs E (8|4) which contains the D = 4, N = 8 anti de Sitter superalgebra OSp(8|4). Gauging the higher spin algebra and introducing a matter multiplet in a quasi-adjoint representation leads to a consistent and fully nonlinear equations of motion as shown sometime ago by Vasiliev. We show the embedding of the N = 8 AdS supergravity equations of motion in the full system at the linearized level and discuss the implications for the embedding of the interacting theory. We furthermore speculate that the boundary N = 8 singleton field theory yields the dynamics of the N = 8 AdS supergravity in the bulk, including all higher spin massless fields, in an unbroken phase of M-theory.
Introduction
Sometime ago, the singleton representation of the super AdS group OSp(4|8) was encountered in the spectrum analysis of D = 11 supergravity compactified on AdS 4 × S 7 [1] . This is the ultra short representation of the AdS supergroup OSp(4|8) in four dimensions, consisting of 8 bosonic and 8 fermionic states [2, 3] , which can not be described as local fields in the bulk of AdS, as was discovered long ago by Dirac [4] in the context of the singleton representation of the AdS group SO (3, 2) . Indeed, it has been shown [5] that the OSp(4|8) singleton multiplet occuring in the Kaluza-Klein spectrum is pure gauge. It has also been shown that [6] , though gauge modes, the singletons are needed to fill the represenations of the spectrum generating algebra SO (8, 1) .
After the eleven dimensional supermembrane was discovered [7] , it was speculated in [8] that singletons may play a role in its description. Soon after, it was conjectured in [9] and [10] that a whole class of AdS compactifications of supergravity theories may be closely related to various singleton/doubleton field theories. The field theories for them were constructed on the boundary of AdS as free superconformal field theories, but the main thrust of the conjecture remained to be tested.
Notwithstanding this state of affairs, in [11, 12, 13] the N = 8 supersingleton field theory was assumed to be a quantum consistent theory of the supermembrane, and its quantization was studied. In particular, the spectrum of massless states was considered. In that context, a well known and a remarkable property of the singletons was used, namely the fact that the product of two supersingletons yields an infinite tower of massless higher spin states [14] . The detailed form of this result for OSp(8|4) will be spelled out in section 3. It was argued in [11, 12, 13] that all of these states should arise in the quantum supermembrane theory! Furthermore, the occurence of the infinitely many massless higher spin fields implies the existence of infinitely many (local) gauge symmetries analogous to the Yang-Mills, general coordinate and local supersymmetries associated with spin 1, 2 and 3/2, respectively.
In a later development, in the course studying the D = 11 supermembranes in AdS 4 × S 7 , an attempt was made to obtain the singleton field theory from the D = 11 supermembrane action by expanding around AdS 4 × S 7 [15, 16, 17] . However, for reasons explained in [16] the N = 8 singleton field theory on S 2 × S 1 boundary of AdS 4 did not emerge fully as the critical mass term for the boson was lacking.
Interestingly enough, in a related development Fradkin and Vasiliev [18, 19, 20] were in the course of developing a higher spin gauge theory in its own right. These authors succeeded in constructing interacting field theory for higher spin fields and observed that the previous difficulties in constructing higher spin theories could be bypassed by considering AdS 4 and infinitely many gauge fields. In particular, the AdS radius could not be taken to infinity since its positive powers occured in the higher spin interactions and therefore one could not take a naive Poincaré limit.
In a series of papers Vasiliev [21] - [31] pursued the program of constructing the AdS higher spin gauge theory and simplified the construction considerably. The theory was cast into an elegant geometrical form [30, 29, 28, 27] , albeit at the level of the equations of motion. Furthermore, Vasiliev found an elegant way to introduce the matter fields (i.e. fields of spin 0,1/2) into the formalism [30, 29, 28, 27, 26] .
With recent observation of Maldacena [32] that there is a correspondence between the physics in AdS space and at its boundary, which has been successfully tested affirmatively in a number of examples with very interesting results, the issue of whether the singletons of AdS 4 could indeed play a role in the description of bulk physics has again arisen. As far as the singleton field theory is concerned, as in the past, we still expect all the massless higher spin states to arise as two singleton states and the massive states to arise in the product of three and more singletons. An interesting question to which we have no answer at this time is how such states might arise in M-theory. However, reviving the conjecure of [11, 12, 13] we expect that they will arise as a new phase of M-theory that is yet to be uncovered.
The purpose of this paper is to address a more modest aspect of this problem by examining the Vasiliev theory of higher spin fields (which is applicaple to a wide class of higher spin superalgebras) and determine the precise manner in which the N = 8 de Wit-Nicolai gauged supergravity [33, 34] , which is the gauged version of the Cremmer-Julia N = 8 supergravity in four dimensions [35, 36] , can be described within this framework. We will indeed show how this embedding works in the higher spin AdS supergravity based on the higher spin superalgebra known as shs E (8|4)algebra [37, 38] . (The details of this algebra will be discussed in the next section). In our opinion, this constitutes a positive step towards the understanding of the Mtheoretic origin of the massless higher spin gauge theory. After presenting our results, we will comment on further aspects of this issue in the concluding section.
The organization of the paper is as follows: In section 2 we define the gauge algebra shs E (8|4) and discuss its infinite dimensional UIR's based on the N = 8 supersingleton. In section 3 and 4 we give the field content of the theory and the form of the nonlinear higher spin field equations. The perturbative treatment of the theory around the anti de Sitter vacuum with N = 8 supersymmetry is explained in section 5, where we also derive the linearized equations of motion. In section 6 we analyze the linear dynamics in more detail and in section 7 we treat the particular case of the N = 8 AdS supergravity. Section 8 is devoted to a further discussion of our results and some speculations. Our conventions and notation are collected in Appendices A and B. Some details of the shs E (8|4)algebra are given in Appendices C and D. Finally, some useful lemmas are collected in Appendix E.
The Higher Spin Superalgebra shs E (8|4)
The higher spin gauge algebra shs E (8|4) is a Lie superalgebra which we shall define as a subspace of an associative algebra A. A is the space of fully symmetrized functions in the two-component, complex, Grassmann even spinor elements y α of the AdS group Sp(4) ≃ SO(3, 2), its complex conjugateȳα and 8 real, Grassmann odd elements θ i forming an SO(8) vector 1 . These generating elements therefore obey the "classical" commutation relations
and the reality conditions
Further conventions concerning the two-component spinor formalism are given in the Appendix A. A general element of A can thus be written as a formal power series
where Y ≡ (y α ,ȳα) and the coefficient F α 1 ···αnβ 1 ···βmi 1 ···i k is a Grassmann number carrying fully symmetrized spinor indices and antisymmetrized SO(8) vector indices and we have used the notation
the (anti)symmetrization has unit strength. The associative algebra product of A is denoted by ⋆. The ⋆ product of two functions of the commuting spinor elements is defined by 2 2 The ⋆ product of functions F (y) is isomorphic to the algebra of fully symmetrized functions F (ŷ) of the Heisenberg algebra [ŷα,ŷ β ] = 2iǫ αβ , obtained from F (y) by replacing y →ŷ. This oscillator representation is less convenient for calculations but important for the contruction of unitary representations of the ⋆ algebra; see Appendix D.
where U = (u α ,ūα) and V = (v α ,vα) are commuting spinors and the normalization of the integration measure is such that 1 ⋆ F = F . From the general expression (5) one finds the basic "contractions"
leading to the general contraction rule
where unit strength symmetrization of the spinor indices α 1 · · · α m and β 1 · · · β n is understood. The ⋆ product of the anti-commuting elements θ i is given by the SO(8) Clifford algebra
where unit strength anti-symmetrization of the SO(8) vector indices i 1 · · · i m and j 1 · · · j n is understood. Finally the ⋆ product between the commuting generators and the anti-commuting generators is given by the commuting product (1) , that is
The hermitian conjugation acts as an anti-linear, anti-involution of the ⋆ algebra
provided that we define (ξη) † = η † ξ † for Grassmann numbers ξ and η. In particular
We next introduce the maps
and
The maps in (14) are involutions of the ⋆ algebra:
where F and G are arbitrary elements of A. From the definition of the ⋆ algebra in (5) and (9) follows that the map τ is an anti-involution of the ⋆ subalgebra B of A defined as the Grassmann even subspace of A:
where (−1) F is the Grassmann parity. Note that (−1) F receives contributions from both the generating elements θ i and fermionic c-number coefficients; hence the parity of a typical term in the expansion (3) is equal to the Grassmann parity of F i 1 ···i k (m, n) times the Grassmann parity of θ i 1 ···i k which is equal to (−1) k .
The algebra shs E (8|4) is the Lie superalgebra defined by the subspace of B spanned by elements P obeying the conditions [38] (−1) F P (−1) F = P , τ (P ) = −P ,
and with Lie bracket defined by
From (11) and (16) follows that shs E (8|4) is closed under the bracket. The general solution to (17) reads
where we have used the notation of (4). The Grassmann parity and the reality property of P α 1 ···αmα 1 ···αni 1 ···i k following from the condition (17) are given by
The second equality in (20) is implied by
which follows from τ 2 = πππ θ and (17) . Hence bosonic (fermionic) fields carry an even (odd) number of spinor indices and even-rank (odd-rank) antisymmetric tensor representations of SO (8) , that is, the 1, 28 and 70 = 35 + + 35 − representations (the 8 and the 56 representations).
The expansion (19) is made up of homogeneous polynomials P 4k+2 (Y, θ) of degree 4k + 2 (k = 0, 1, 2, ...). The ⋆ commutator between two polynomials of degree 4k + 2 and 4l + 2 is given schematically by
Notice that as a consequence of that P ∈ B, the ⋆ commutator receives contributions only from odd numbers of contractions between the generators. In particular, for k = l = 0 (23) shows that that the space spanned by homogeneous quadratic polynomials form a closed subalgebra of shs E (8|4) which is shown to be isomorphic to OSp(8|4) given in Appendix B. For k = 0 and l arbitrary, (23) shows that the space spanned by P 4k+2 is invariant under ⋆ commutation with P 2 , and it therefore forms an OSp(8|4) irreducible representation spanned schematically by the polynomials
where Y m θ n denote in short monomials of (y,ȳ) and θ i of homogeneous degree m and n respectively, forming irreducible representations of SO(3, 2) × SO(8) with total SO(3, 2) spin n 2 which is the eigenvalue of the SO(3, 2) generator M 12 .
In gauging shs E (8|4) a connection 1-form representing a gauge field of spin s = m+n 2 + 1 is introduced for each generator P (m, n; θ). Therefore, for k ≥ 2 the space spanned by P 4k+2 carries the labels of an OSp(8|4) supermultiplet with spins ranging from 2k + 2 down to 2k − 2 with SO(8) representation content:
The first two values k = 0, 1 are special. In both cases the spin 1 generators are in the adjoint representation of SO (8) . For k = 0 we find the OSp(8|4) adjoint representation, i.e. the space spanned by the homogeneous, quadratic polynomials P 2 given in (158), which we tabulate as spin Combining the three tables given above we obtain the full OSp(8|4) content of shs E (8|4), which is collected in the s ≥ 1 entries of Table 1 [11, 12, 37, 38] . Notice that the spaces of generators P 4k+2 are finite dimensional representations of OSp(8|4) that should not be confused with the infinite dimensional unitary, irreducible representations (UIR) containing the particle states of the theory.
Physical consistency of a gauge theory built on shs E (8|4) requires that the complete particle spectrum forms a unitary representation of the full, infinite dimensional algebra shs E (8|4) [37] . Not all higher spin algebras fulfill this criterion. The admissibility of shs E (8|4) is based on the fact that the particle spectrum of the shs E (8|4) gauge field (that will be analyzed in detail in section 6) fits into the symmetric tensor product of two OSp(8|4) singleton supermultiplets [11, 37, 38] . Each singleton supermultiplet consists of a singleton Rac in the 8 s representation of SO(8) and a singleton Di in the 8 c representation:
where D(E 0 , s) denotes an UIR of SO (3, 2) for which E 0 is the minimal energy eigenvalue of the energy operator M 04 , and s is the maximum eigenvalue of the spin operator M 12 in the lowest energy sector. From the oscillator representation of shs E (8|4) given in Appendix D follows that the space (25) actually forms a UIR of shs E (8|4). Therefore also the symmetric and the anti-symmetric tensor products of two copies of the space (25) form UIR's of shs E (8|4) . In particular, the decomposition of the symmetric tensor product [(Rac ⊕ Di) ⊗ (Rac ⊕ Di)] S under the OSp(8|4) subalgebra of shs E (8|4) leads to the UIR's of OSp(8|4) given in Table 1 .
We thus expect shs E (8|4) to be a suitable algebra for a gauge theory of higher spin AdS supergravity. However, the determination of the particle content of the shs E (8|4) gauge theory the analysis of the auxiliary fields which must be eliminated algebraically in favor of the true dynamical gauge fields. Moreover Table 1 also makes it clear that one has to couple the gauge fields to some particular matter sector.
The Field Content
The 1-form master gauge connection
takes its values in the algebra shs E (8|4):
We can therefore expand ω according to (19) , that is
where the Grassmann parity and reality properties of the gauge field ω µ,α 1 ···αmα 1 ···αni 1 ···i k are in accordance with , that is
(ω µ,α 1 ···αmα 1 ···αni 1 ···i k ) † = (−1)
and hence bosonic (fermionic) gauge fields carry an even (odd) number of spinor indices and even-rank (odd-rank) antisymmetric tensor representations of SO (8) , that is, the 1, 28 and 70 = 35 + + 35 − representations (the 8 and the 56 representations).
The shs E (8|4)-valued 2-form field strength 3
where the wedge product in the second term is supressed, transforms covariantly under the shs E (8|4)valued gauge transformation
where the gauge parameter ǫ is an arbitrary shs E (8|4)-valued function. As already mentioned, ω actually accounts for the s ≥ 1 sector of the spectrum listed in Table 1 , whereas unitarity requires the inclusion of "matter" states of spin s ≤ 1 2 . We therefore introduce a zero-form master field A(Y, θ) [30, 29, 28, 27, 26] in the following infinite dimensional representation of shs E (8|4):
where Γ is the hermitian and τ -invariant SO(8) chirality operator:
The representation of shs E (8|4) on A is given by the gauge transformation
which respects (33) and leaves invariant the shs E (8|4)-covariant derivative
Notice that A does not quite transform in the adjoint representation due to the presence of thē π-operation in (35) . For this reason we shall refer to the representation carried by A as the quasi-adjoint representation of shs E (8|4). The general solution to the condition (38) is
where the field C has the expansion
where bosonic (fermionic) fields carry an even (odd) number of spinor indices and even-rank (odd-rank) antisymmetric tensor representations of SO (8) , that is, the 1, 28 and 70 = 35 + + 35 − representations (the 8 and the 56 representations). We do not impose any reality condition on the field C. By construction C contains all solutions to τ (C) =π(C) that have number of y spinor variables greater than or equal to the number ofȳ spinor variables. The hermitian conjugate C † of C obeys
and therefore, if f and g are two A involutions that preserve numbers of y andȳ and that commute withπ and τ , then A = f (C) + g(C † ⋆ Γ ) obeys τ (A ) =π(A ). In order to solve the hermicity condition in (38) we can then take f = Id and g = π:
In the m = n sectors (the first sum in the k = 0 term in (37)) there is an unphysical doubling of degrees of freedom which we remedy by making the following redefinition
where we have suppressed the (n, n) arguments of all the fields, and set
As we shall see in section 6, the field A(0, 0) is the 1+1 complex scalar of the level l = 0 multiplet given in Table 1 , and A ijkl (0, 0) are the 35 + +35 − real scalars of the N = 8 supergravity multiplet [35] . Notice that these scalars obey the SU (8) invariant reality condition
The Higher Spin Field Equations
The most convenient form of the higher spin field equations is achieved by enlarging the algebras A, B and shs E (8|4) introduced in section 2 by extending the set of generating elements (y α ,ȳα, θ i ) by an auxiliary set of commuting spinors Z = (z α ,zα), wherezα = (z α ) † 4 , and extending the associative ⋆ product as [29, 30] 
whereŨ ≡ (u α , −ūα) and the normalization normalization is such that 1 ⋆ F = F . We denote the resulting enlarged associative algebra by A and its bosonic subalgebra by B. The use of U in (44) implies that the hermitian conjugation acts as an anti-involution of A. It is also straightforward to check the associativity of the extended ⋆ product. Note that there are nontrivial contractions between the spinor variables (y,ȳ) and the auxiliary spinor variables (z,z). From (44) we find (6) and
This leads to a general contraction rule which is analogous to that given in (7) . The combinatorical factors are the same but one gets an extra minus sign for each z ⋆ z,z ⋆z, y ⋆ z andz ⋆ȳ contraction as can be seen by comparing (6) with (45) and (46). We also extend the maps π,π and τ to A as follows
Notice that the involution π θ acts as an inner involution of both A and A generated by the adjoint ⋆ multiplication with the chirality operator Γ:
An important technical observation is that while the involutions π andπ do not act as inner involutions of A they do act as inner involutions of the enlarged algebra A generated by the adjoint actions of the special elements
Using (44) 
The enlarged algebra A has a Lie supersubalgebra shs E (8|4) which is the enlargement of shs E (8|4), defined by the extensions of (17) and (18) . Thus an element X ∈ shs E (8|4) obeys
The corresponding extensions of the shs E (8|4)-valued connection 1-form ω(Y, θ ) and the 0-form A(Y, θ ) of the quasi-adjoint representation (38) of shs E (8|4) are given by
The curvature 2-form and covariant exterior derivative
transform covariantly under the extended gauge transformation
where the transformation parameter ε is an shs E (8|4) valued function.
We are now ready to discuss Vasiliev's higher spin field equations. We begin by setting [30] 
The integrability of this equation then requires the vanishing curvature condition [30] 
The equation (58) can be solved by taking W = dg ⋆ g −1 , where g = exp ⋆ (X) ≡ 1 + X + 1 2! X ⋆ X + · · · for some arbitrary shs E (8|4)-valued function X, and the equation (57) can be solved in terms of the value of DΦ at a fixed base point by means of parallell transport using the path ordered ⋆ exponential of the curve integral of W . These two equations by themselves do therefore not contain any local dynamics.
The crucial step is to realize that the equations of motion of the theory result from constraints on Φ and W that relate the components in their Z expansions. To this end one introduces a Z-space 1-form [30] 
in the following infinite dimensional representation of shs E (8|4)
This implies that S transforms under gauge transformations in the adjoint representation of shs
The gauge invariant constraint leading to the dynamical equations of motion reads [30] 
where
where we have used (52). Taking the covariant derivative of (62) and using (57) yields
where, following the conventions of [30] , we assume that dz α ∧ dx µ = dx µ ∧ dz α . It is easy to verify the consistency between (62) and the equations (54) and (59). Therefore (62-64) are consistent equations.
In summary, the equations of motion of the higher spin field theory are [30] 
These field equations constitute an internally consistent set of equations, but it remains to establish the physical relevance of the equations. The first step is to check that the field equations describe the correct free field higher spin dynamics in the linearized approximation around a vacuum solution. Having established the physical consistency at the linearized level, one then has an interacting higher spin field theory based on the equations (65-69) which is tractable in classical perturbation theory around the vacuum. We shall speculate more about this theory in the last section after we analyze the linearization around its anti de Sitter vacuum solution.
5 Expansion around the anti de Sitter Vacuum
The anti de Sitter Vacuum Solution
The procedure to analyze the field equations begins by identifying the AdS 4 geometry as the vacuum solution given by [30] Φ 0 (Z, Y, θ) = 0 ,
where ω 0 ,ω 0 and e 0 are the vacuum Lorentz connection and vierbein of anti-de Sitter spacetime:
To prove that (70) is a solution of the Vasiliev equations (65-69) one first observes that (66) and (68) are trivially satisfied while (65) reduces to (71). Using the contraction rules (45) -(47), for an arbitrary function F (Z, Y, θ), one derives the useful lemma
Using this lemma one easily verifies (67) and (69). The SO(3, 2)-valued connection one-form Ω 0 , which defines a covariant derivative which mixes irreducible tensors of the Lorentz SO(3, 1) subgroup of SO(3, 2) of the same spin, splits into the SO(3, 1)-valued connection one-form
which defines a Lorentz covariant derivative D a which acts irreducible on Lorentz tensors, and the vierbein e 0,αα = λ (σ a ) αα e a , e a = e a µ dx µ ,
where the mass parameter λ is given in terms of the AdS radius a as
In the following we shall need the commutators of the Lorentz covariant derivative acting on a Lorentz tensor T a...α...α... :
We shall temporarily set λ = 1 and return to the relation between λ and the dimensionful coupling of the theory in section 7.
Perturbative Expansion
Next one proceeds by an order by order analysis of the equations (65-69) by expanding them in powers of Φ which is considered to be a perturbation around the vacuum solution:
As a consequence of the lemma (72) one then finds that (68) an (69) yields the following system of linear differential equations in the spinor variable Z
One can verify the integrability of these equations order by order in perturbation theory. Having integrated this system of equations up to the (n − 1)'th order one obtains the n'th order solution by first integrating (79) for Φ n . This introduces the initial condition [30] 
which from (33) can be seen to obey (38) . One then integrates (80) for S n which introduces an exact Z-space 1-form ∂ξ n , where ξ n (Z, Y, θ) is an arbitrary shs E (8|4)-valued 0-form which constitutes an unwanted degree of freedom. In the perturbative expansion the gauge transformation (61) with shs E (8|4) valued parameter ε = ε 1 + ε 2 + · · · takes the form
Hence we may eliminate ξ n by fixing a physical gauge with residual gauge degrees of freedom generated by Z-independent shs E (8|4)-valued gauge parameters ε(Y, θ) which is precisely the expected shs E (8|4) gauge symmetry of the interacting theory. Notice that in the perturbative expansion the gauge fixing is done order by order, so that at n'th order the residual gauge symmetry is generated by shs E (8|4) valued parameters ε i (Y, θ) (i = 1, .., n) and shs E (8|4) valued gauge parameters ε i (Z, Y, θ) (i ≥ n + 1). One can also show that the solution for S and Φ obtained at a given order n of perturbation theory depends on the initial conditions A i (i = 1, .., n) only through the sum A = A 1 + A 2 + · · · + A n .
Inserting the solution for S into (67) one can then continue and solve perturbatively for W n from
in terms of the shs E (8|4) valued initial conditions [30] W
The solution for W obtained at a given order n of perturbation theory depends on the initial conditions ω i (i = 1, .., n) and A i (i = 1, .., n) only through ω = Ω 0 + ω 1 + · · · ω n and powers of
In order to avoid the succesive field redefinitions one may adopt the perturbative scheme where all higher order initial conditions are taken to be zero, i.e. A k = ω k = 0 for k ≥ 2, and expand the solutions to (79), (80) and (83) in terms of ω = Ω 0 + ω 1 and powers of A = A 1 .
Having solved (67-69) and thus obtained expressions for W (Z, Y, θ) and Φ(Z, Y, θ) in terms of ω(Y, θ) and A(Y, θ), one proceeds by inserting W and Φ into the remaining two equations (65) and (66), that is, R(Z, Y, θ) = 0 and DΦ(Z, Y, θ) = 0. These equations only need to be evaluated at Z = 0, since if (67-69) hold then follow [S, R] ⋆ = 0 and S ⋆ DΦ = DΦ ⋆π (S ) which when expanded around the AdS vacuum yield linear Z-space differential equations which imply that R and DΦ vanish for all Z, provided that the initial conditions R| Z=0 = 0 and DΦ| Z=0 = 0 are satisfied.
The Linearized Field Equations
At the linearized level, the equations (79), (80) and (83) read
Using (51) and the integration formula (179) given in Appendix, the solution to equations (85) and (86) is found to be [30] where we have fixed the physical gauge discussed in the previous section. Using the integration formula (178), the solution to (87) then becomes [30]
Notice that the ⋆ commutators in(87) should be evaluated before one uses (178), as indicated in (90). Next we insert (88) and (90) into (65) and (66), separate the background AdS connection Ω 0 into the Lorentz connection ω 0 given in (73) and the vierbein given in (74), expand all ⋆ products not involving the Lorentz connection and put Z = 0. After some algebra we obtain the Lorentz covariant, linearized field equations [30] R 1 (y,ȳ, θ) ≡ Dω(y,ȳ, θ) − e 0 αβ ∧ y α ∂β +ȳβ∂ α ω(y,ȳ, θ)
where R 1 is the AdS covariant linearized field strength, D is the Lorentz covariant derivative acting on a p-form X as DX = dX − ω 0 ∧ X + (−1) p X ∧ ω 0 and ∂ α = ∂ ∂y α . The AdS covariant linearized curvature two-form defined in (91) has the components
Expansion of the Y -dependence in (91) using (37) and the expansions (38) and (28) (we take the expansion of the curvature R to have the same normalization as that of the connection ω) leads to the following equation system in the spin s ≥ 3 2 sector
and the hermitian conjugate of (94). Notice that there is no vanishing curvature component in the s = 3 2 sector. Expanding the two-form R 1 (θ) as R 1 ab (θ ) = (σ ab ) αβ R 1 αβ (θ ) + h.c., and using the background vierbein (74) the equations (94) and (95) take the form
and the hermitian conjugate of (96). The AdS covariant linearized curvature two-form defined in (91) has the components
where symmetrization in the indices γ 1 · · · γ m andγ 1 · · ·γ n is understood, and
In the spin 1 sector the expansion of the Y -dependence in (91) gives
where R 1 (θ ) is given by (91) for m = n = 0, i.e. R 1 (θ ) = dω(θ ). In components, (100) reads
Expansion of the Y -dependence in (92) yields
where symmetrization of the indices α 1 · · · α m andα 1 · · ·α n is understood. Expanding the oneforms in the vierbein basis gives
where D αα ≡ (σ a ) αα D a and symmetrization of the indices β 1 · · · β m andβ 1 · · ·β n is understood. Notice that in (96), (97), (101) and (103) the SO(8) content of C α 1 α 2 β 1 ···βm (θ ) matches that of R 1 β 1 ···βm (θ ), as can be seen by comparing these equations with the general expansions (28) and (37) .
In summary, the linearized field equations of higher spin AdS supergravity based on shs E (8|4) are given by (96), (97), (101) and (103).
6 Spectral Analysis
Elimination of the Auxiliary Fields
In order to determine the particle spectrum of the theory, one first solves the generalized torsion equations (95) for the auxiliary gauge fields in terms of the generalized vierbeins and the generalized gravitini, where the auxiliary gauge fields are 5 
and their hermitian conjugates, the generalized vierbeins are 5 In this and the next section we will supress the θ-dependence of all the fields and parameters.
and the generalized gravitini are
and their hermitian conjugates. This is illustrated in Figure 1 . Notice that there are no auxiliary gauge fields for s ≤ 3 2 . For the spectral analysis we shall only need the explicit expression for the auxiliary gauge fields ω(s − 2, s) (s = 2, 3, 4, ...) and their hermitian conjugates, which we refer to as the generalized Lorentz connections; these are represented by ♣'s in Figure 1 
where we have supressed the symmetrization of the indices β 1 · · · β s−2 andβ 1 · · ·β s and used the definitions made in ( 
Repeating the above steps one finds that the vanishing of the remaining curvature components R 1 (m, n) (n ≥ m + 1 ≥ 2) yield ω(m − 1, n + 1), which are represented by ×'s in Figure 1 , in terms of Dω(m, n) and pure gauge solutions ξ(m − 2, n + 2). The elimination of these unwanted degrees of freedom uniquely fixes the auxiliary gauge symmetries with parameters ε(m−2, n+2). The result, which is similar to (107) but that will not be needed here, is given in [21] (using slightly different normalizations and conventions).
Having solved for the auxiliary gauge fields (104) from (95), the following gauge symmetries remain unfixed; the bosonic generalized coordinate transformations with parameters ε(s−1, s−1) (s ≥ 2) and generalized Lorentz transformations with parameters ε(s − 2, s) (s ≥ 2) acting on the generalized vierbein as follows
where the symmetrization of the free indices β 1 · · · β s−1 andβ 1 · · ·β s−1 ; the fermionic generalized local supersymmetries with parameters ε(s − 3 2 , s − 1 2 ) (s ≥ 3 2 ) and the local fermionic transformations with parameters ε(s − 5 2 , s + 1 2 ) (s ≥ 5 2 ) acting on the generalized gravitini as follows
Notice that the three terms in (109) and in (110) combine into an AdS covariant derivative. In the spin 1 sector there are the Yang-Mills gauge transformations δω = dε.
Next we use the equations (103) to solve recursively for the auxiliary components C α 1 ···αmβ 1 ···βnβ 1 ···βn (m ≥ 0, n ≥ 1), in terms of the derivatives of the pure (i.e. chiral) components C α 1 ···α 2s of spin s = 0, 1 2 , 1, ..., known as the generalized Weyl tensors. For s ≥ 1 they are given in terms of the pure components of the linearized, AdS-covariant field strength R 1 through (96) and (101). For s ≤ 1 2 they are independent degrees of freedom C ijk α , C i 1 ···i 7 α , A and A ijkl .
Thus the dynamical degrees of freedom are the generalized vierbeins given in (105), the generalized gravitini fields given in (106), the two SO(28) spin 1 gauge fields ω µ,ij and ω µ,i 1 ···i 6 and the matter fields C ijk α , C i 1 ···i 7 α , A and A ijkl . We next turn to the analysis of the on-shell spectrum of the dynamical fields.
The Spin s ≥ 3 2 Sectors
For s ≥ 3 2 the equations of motion are obtained by taking the wedge product of the curvature two-form R 1 (s − 2, s) in the bosonic sector or the curvature two-form R 1 (s − 3 2 , s − 1 2 ) in the fermionic sector with the background vierbein one-form e αα and then contractingα with one of the dotted indices of the curvature and symmetrizing the free undotted indices. For s ≥ 5 2 the curvatures vanish and the above steps remove the dependence on the auxiliary bosonic gauge fields ω(s − 3, s + 1) (s = 3, 4, ...) and the auxiliary fermionic gauge fields ω(s − 5 2 , s + 1 2 ) 9s = 5 2 , 7 2 , ...), which enter R 1 (s − 2, s) for s ≥ 3 and R 1 (s − 3 2 , s − 1 2 ) for s ≥ 5 2 , respectively, as can be seen from (93). For s = 2 and s = 3 2 there are no auxiliary gauge fields to remove, but in this case the curvature two-forms R 1 (0, 2) and R 1 (0, 1) are pure and hence obey (94) instead of vanishing and the steps above are needed to remove the s = 2 Weyl tensor C αβγδ and the s = 3 2 Weyl tensor C αβγ . We are then left with the equations
where the free indices are supposed to be symmetrized.
The Bosonic Sector
In the bosonic case, (111) combined with expression (107) for the generalized Lorentz connection, yields a second order equation for the generalized vierbein which is invariant under the gauge transformations (109). These symmetries allow us to fix the generalized Lorentz type gauge
The gauge condition (113) and the ǫαβ 1 -trace of (114) fix the generalized reparametrizations up to residual gauge transformations generated by generalized reparametrizations with parameters obeying
Notice that the residual gauge transformations also involve compensating generalized local Lorentz transformations with parameters given by
such that the first derivatives of the parameters of the generalized reparametrization are only subject to the second condition in (115). The equation obtained by symmetrizetion of the gauge condition (114) in the free dotted indicesαβ 1 · · ·β s−1 fixes uniquely the generalized Lorentz gauge parameter ε(s − 2, s). Note that as a consequence of (114) the gauge fixed vierbein ω α 1α1 ,α 2 ···αsα 2 ···αs is an irreducible Lorentz tensor which is totally symmetric in all its dotted and undotted indices. For s = 2 and θ = 0 the gauge condition (113) yields transversality condition D µ ω µ,b on the graviton field ω µ,a , the trace part of (114) yields the tracelessness condition η ab ω a,b and the symmetrization of (114) in undotted indices implies that ω [a,b] = 0 (which fixes the local Lorentz rotations). Using (113) and (114) one finds that
which implies that also the quantity Dω α 1 α 2 ,α 3 ···α s+1α1 ···α s−1 is symmetric in all its undotted indices. The solution (107) for the generalized Lorentz connection then simplifies to
After a straightforward calculation, where one repeatedly makes use of (113-114), (117) and the curvature relation (77), one finds
This equation describes an irreducible, massless spin s field ω α 1α1 ,α 2 ···αsα 2 ···αs with AdS-energy
To show (120) we consider the harmonic expansion on the coset SO(3, 2)/SO (3, 1) . The positive energy representations of SO(3, 2) can be characterized in the SO(3)×SO(2) basis, where SO (3) is generated by the spatial rotations M ij (i, j = 1, 2, 3) and SO(2) by the energy operator M 04 . These representiations are labelled by the lowest energy E 0 and the highest eigenvalue s 0 of M 12 when the energy is fixed to be E 0 . Following the procedure described in [1, 5] , we Euclideanize the AdS group to SO(5), with irreps labelled by highest weights (n 1 , n 2 ), and the Lorentz group to SO(4), with irreps labelled by highest weights (j 1 , j 2 ). The quadratic Casimir eigenvalues for these groups are
This suggests that in continuing SO(5) back to SO(3, 2) we identify n 1 with −E 0 and n 2 with s 0 . Next we observe that the SO(4) content of the gauge fixed generalized vierbein ω α 1α1 ,α 2 ···αsα 2 ···αs is (j 1 , j 2 ) = (s, 0). Thus we can expand ω α 1α1 ,α 2 ···αsα 2 ···αs in terms of representation functions of SO(5) as follows
where ω (n 1 n 2 ) p are constant expansion coefficients, D (n 1 n 2 ) α 1 ···αsα 1 ···αs, p (L −1 x ), known as Wigner functions, refer to the representation of the coset representative L −1 x with rows labelled by α 1 · · · α sα1 · · ·α s and columns by p = 1, ..., dim(n 1 n 2 ). The eigenvalues of the d'Alembertian acting on the Wigner functions are computed from the formula
where D 2 is the d'Alembertian in the Euclidean metric (which have opposite sign to the AdS d'Alembertian) and the quadratic Casimir of SO(4) is given by
Thus, using that in continuing back to AdS one has to let D 2 → −D 2 and n 1 → −E 0 , and setting the inverse AdS radius λ = 1, we find from (119) that the energy eigenvalues are to be solved from the characteristic equation
with the positive energy solution (120). Finally we notice that the gauge transformations generated by the residual parameters obeying (115) obey (119), and hence the number of real on-shell degrees of freedom is given by the number of components of the fully symmetric ω(s − 1, s − 1) ((s+1) 2 ) minus the number of gauge conditions (113) linear in derivatives (s 2 ) minus the number of residual gauge symmetries, which is equal to the number of degrees of freedom in ε(s−1, s−1) (s 2 ) minus the number of constraints (115) linear in derivatives ((s − 1) 2 ). Thus there are
on-shell degrees of freedom with spin s = 2, 3, 4, ... and energy E 0 = s + 1 describing massless higher spin bosons.
The Fermionic Sector
In the fermionic case, the equation (112) is a first order equation for the generalized gravitini fields ω(s − 3 2 , s − 1 2 ) and their hermitian conjugates ω(s − 1 2 , s − 3 2 ) which is invariant under the gauge symmetries (110). These local symmetries allow us to fix the following gauge D αα ω αα,β 1 ···β s−3/2β1 ···β s−1/2 = 0 (128) ω αα ,β 1 ···β s−3/2αβ1 ···β s−3/2 = 0 (129)
where the indicesβ 1 · · ·β s−1/2 are assumed to be symmetrized in (130). The gauge conditions (128) and (129) fix the generalized local supersymmetries up to residual supersymmetries generated by parameters obeying the Dirac equation
Notice that the residual supersymmtery transformations also involve a compensating fermionic gauge transformation with parameter ε(s − 5 2 , s + 1 2 ) given by
The gauge condition (130) fixes uniquely the gauge parameters ε(s− 5 2 , s+ 1 2 ) (notice that (130) is not the hermitian conjugate of (129)). Together (129) and (130) imply that ω α 1α1 ,α 2 ···α s−1/2α2 ···α s+1/2 is an irreducible Lorentz tensor-spinor which is totally symmetric in all its dotted and undotted indices. The gauge choice allows us to rewrite the fermionic equation (112) as
where symmetrization of the indices β 1 · · · β s−1/2 andβ 1 · · ·β s−3/2 is understood. Notice that the free index α on the Dirac operator in the left side of (133) does not take part in the symmetrization. By combining (133) with its hermitian conjugate we obtain a second order equation. After a straightforward calculation and making repeated use of (128-130) one finds
The euclideanized, gauge fixed tensor spinor ω α 1α1 ,α 2 ···α s−1/2α2 ···α s+1/2 belongs to the (j 1 j 2 ) = (s, − 1 2 ) representation of SO(4) (and its hermitian cojugate belongs to (j 1 j 2 ) = (s, 1 2 )). The harmonic expansion now involves SO(5) irreps satisfying n 1 ≥ s ≥ n 2 ≥ 1 2 . By carrying out the same steps as outlined for the bosonic case we find that the AdS energies solve the characteristic equation
which has the positive energy root E 0 = s + 1. Moreover, the gauge transformations generated by the residual parameters obeying (131) obey (133), and hence the count of on-shell degrees of freedom (following rules analogous to those given for the bosonic count and taking into account the fact that the Dirac operator in (133) has half the maximum rank) leads to that there are
real, on-shell degrees of freedom with spin s = 3 2 , 5 2 , 7 4 , ... and energy E 0 = s + 1 describing massless higher spin fermions.
The Spin s ≤ 1 Sector
In the spin 1 sector the curvature equation (101) is an identity which contains no dynamical information. Instead we take the derivative of (101) and substite DC αβ (θ ) using (102) to obtain
Multiplying this equation with η ab and ǫ abcd , and using the "membrane" identities
one finds the spin 1 equation of motion and the Bianchi identity:
The gauge transformations δω(θ) = dǫ(θ) allow us to impose the Lorentz gauge D a ω a (θ) = 0.
The θ-expansion of the gauge fixed equation of motion then reads
The corresponding characteristic equation is easily seen to have the critical root E 0 = 2, as expected for massless spin 1 vector fields. Notice that the residual gauge symmetries with parameters obeying D 2 ǫ(θ) = 0 leaves (140) invariant and hence cancels the "longitudinal" on-shell degree of freedom in the gauge field, leaving two real degrees of freedom on-shell.
In the spin 1 2 sector the equations of motion are given by the following component of (103):
Tracing this equation in its undotted indices and expanding in θ one immediately arrives at the first order Dirac equations
giving two real, on-shell fermionic degrees freedom. Squaring these equations gives
with critical energy E 0 = 3 2 , as expected for massless spin 1 2 fermion fields. Finally in the scalar sector the second order equations of motion are found from the following two equations
which are derived from (103) for m = n = 1 and m = n = 2 respectively and where A(θ) comprise the complex scalar fields introduced in (42). Evaluating the D αα divergence of the first equation in (144) using the latter equation and expanding in θ yields the scalar field equations
with critical energies E 0 = 1 and E 0 = 2, as expected for massless scalars. Notice that A makes up 1 + 1 real degrees of freedom, while A ijkl makes up 35 + 35 real degrees of freedom due to the reality condition (43).
7 The Linearized N = 8 AdS Supergravity
In summary we collect the linearized field equations of the gauged N = 8 supergravity multiplet (that is the level k = 0 multiplet of Table 1 ):
spin 0 :
where we have reintroduced the mass parameter λ given in terms of the AdS radius in (75). Requiring (146) to agree with the linearized equations of the gauged N = 8 supergravity model [33] fixes λ in terms of Newton's constant κ and SO(28) gauge coupling g. The linearized gauged N = 8 supergravity model is described by the quadratic action [33] 
where i, j, .. (43) and the fermions are Weyl. We assign dimension 1 2 to all the fermions, dimension 0 to the scalars and dimension 1 to the vector fields such that L 2 has dimension 2. Comparing the equations (146) with those obtained from (147), we find that they are in perfect agreement provided that we make the identification
The free parameters of the higher spin theory are therefore the gauge coupling g and the inverse AdS radius λ. The gauge coupling is introduced into the full set of higher spin equations (65-69) by replacing W → g W . These equations are consistent with the assignment of dimension 0 to the master fields W and Φ. Using the dimensionful coupling λ one then defines component fields ω µ (m, n; θ) andC(m, n; θ) with canonical dimensions as follows [19] ω µ (m, n; θ ) = λ −1+ |m−n| 2 ω µ (m, n; θ ) , (m, n) = (0, 0) ,
C(m, n; θ ) = λ m+n 2 C(m, n; θ ) , m, n = 0, 1, ...
Thus the rescaled generalized vierbein ω a (m, m; θ ) has dimension 0, the rescaled generalized gravitino ω a (m−1, m; θ ) has dimension 1 2 and the generalized Lorentz connection ω a (m−2, m; θ ) and the SO(8) vector fields inω µ (θ ) has dimension 1. The generalized Weyl tensorC(m+2, 0; θ) (m ≥ 1) has dimension m+2 2 , which is the same as the dimension of the pure curvature component R αβ (m, 0; θ). The fermionsC ijk α andC i 1 ···i 7 α has dimension 1 2 and the scalarsÃ andÃ ijkl have dimension 0.
Discussion
The results of this paper suggest that the D = 4, N = 8 AdS supergravity can be embedded into a higher spin gauge theory. The fully nonlinear equations are consistent but we have shown the embedding at the linearized level. The important next step in this program is to study the interactions, starting with the quadratic fields in the equations of motion. Various aspects of such interactions have been studied before but they have not been compared to those of N = 8 AdS supergravity. Given the facts that:
(a) the full equations of motion are consistent, (b) they yield the correct N = 8 AdS supergravity equations at the linearized level, (c) the interactions in the N = 8 AdS supergravity seem to be unique due to the highest possible supersymmetry in the theory, one may expect that the higher spin equations at hand already contain the full fledged N = 8 AdS supergravity, along with the sector for the spin s ≥ 5 2 fields. If so, then one would also expect to uncover the E 7 /SU (8) coset structure of Cremmer-Julia [35, 36] which plays an important role in the description of both the N = 8 Poincaré [35, 36] as well as the AdS N = 8 supergravity [33, 34] .
Relevant to the problem of finding the hidden symmetries in the theory is the question of how unique is the higher spin AdS supergravity. This issue has already been addressed by Vasiliev [30] who has found an interaction ambiguity having to do with the choice made for the constraint equation (62). Indeed, one can replace Φ with an arbitrary complex function [30] 
where ρ and σ are arbitrary real and ⋆ functions of Φ. One can set ρ(Φ) = Φ ′ by a field redefinition, but the complex phase remains as an interaction ambiguity. Thus, one can generalize the constraint equation (62) as
The full significance of this ambiguity is not clear to us at present. It may as well play a role in the search for the hidden E 7 symmetry. Recalling the uniqueness of the N = 8 AdS supergravity, we expect that there should be no ambiguity in the interactions provided that we insist on the consistent truncation of the theory to the pure N = 8 AdS supergravity. A careful comparison of the first interaction terms in the higher spin theory and the N = 8 AdS supergravity is required to settle this question.
The N = 8 supersingleton propagating at the boundary of AdS spacetime serves as a spectrum generating representation for the massless higher spin theory propagating in the bulk of the AdS spacetime. It is tempting to believe that the singletons could play a more fundamental role in the derivation of the effective bulk action from the bulk/boundary duality prescription of [32, 39, 40] . Notice that both bulk theory and boundary theory has the same dimensionful coupling λ (the inverse AdS radius). Since the (massless) spectra of the bulk and the boundary theories agree, the essential test of the bulk/boundary duality is therefore whether it is possible to represent the shs E (8|4) symmetry algebra in the N = 8 supersingleton theory. In that case we would expect that the nonlinearities of the bulk theory would be reproduced by the interactions between the composite singleton states (the dimensionless gauge coupling g would the be introduced in the boundary theory by a rescaling of the composite states describing the gauge fields).
Since the boundary theory involves massless as well as massive composite states, bulk/boundary duality would also yield higher spin bulk interactions including both massless and massive "matter" sectors (allowing a consistent truncation to the massless sector). Inclusion of massive sectors could generate mechanisms for spontaneous breaking [29, 11] of the shs E (8|4) symmetry in which the massive multiplets are "eaten" by the massless gauge multiplets. This point is of great physical interest since we do not presently know how to fit massless higher spins into an M -theoretical framework.
The bulk/boundary duality of the type discussed above may also exist for the 4D doubletons (vector multiplet) propagating at the boundary of AdS 5 and the 6D doubletons (tensor multiplet) propagating at the boundary of AdS 7 , respectively [41] . The possibility of constructing higher spin interactions in AdS spaces of dimension larger that four has been investigated in [22] . A more tractable example is the 3D higher spin theory described in [31] . In this case, the study of bulk/boundary duality is expected to be simpler because the 2D boundary theory is a more tractable conformal field theory. Another reason for the tractability of the 3D case is that it may be possible to construct an action for a theory based on the 3D higher spin AdS superalgebra, combining the elements of the work of [42] that involve a Chern-Simons action and the work described in [31] .
It would, of course, be desirable to find an action which would yield the consistent, fully nonlinear equations of motion of Vasiliev that we have studied here. Indeed, R ∧ R type actions have been considered before [18, 19, 22, 23, 24] , but one drawback of these actions is that the spin s ≤ 1/2 sector of the theory does not fit in a natural and geometrical way into the part of the action that describes the fields with spin s ≥ 3/2. On the other hand, the fact that there is a gauge master field W and a matter master field Φ in the Vasiliev formalism studied here is suggestive of a D = 5 origin in which the matter master field may emerge as the fifth component of the gauge master field upon dimensional reduction to D = 4. Furthermore, it is encouraging that there exists the possibility of a Chern-Simons type Lagrangian of the form tr(R ∧ R ∧ W ) in five dimensions.
The construction of higher spin superalgebras and free field equations of motion for higher spin fields becomes rapidly very complicated in higher than four dimenaions and understandably not much progress has been made in this front for sometime. However, the recent exiciting developments in M-theory provide ample motivation for exploring the D = 11 origin of the AdS higher spin supergravity studied here. Starting from the D = 11 supergravity theory alone, Kaluza-Klein compactification gives rise to massless and massive fields of maximum spin two. The corners of M-theory where it can be treated perturbatively, on the other hand, can give rise to infinite towers of higher spin fields, but all of these fields are massive for spin s > 2. Therefore, one is led to speculate about the existence of either a new corner of M-theory, or supermembrane theory, which may give rise to the higher spin AdS supergravity in D = 4 in a certain limit, or a new kind of D = 11 limit which modifies the well known D = 11 supergravity theory in a profound way. The first scenario is in line with the previous studies on the supermembrane-supersingleton connection [8, 9, 10, 11, 12, 13] . The latter scenario is motivated by a recent construction of the singleton/doubleton representations of a candidate D = 11 AdS supergoup in [43] , which turn out to be of rather unusual kind. It is not known yet if an action, or equations of motion, can be written down to describe these representations in the ten dimensional boundary of AdS 11 , but the possibility is certainly tantalizing and we expect that it would be highly relevant to the massless higher spin theory in the M-theory framework.
A Two-component Spinor Conventions
We take η ab = diag(− + ++) and work with two-component, complex Weyl spinors
where the charge conjugation matrix ǫ αβ = ǫ αβ = ǫαβ = ǫαβ obeys ǫ αβ ǫ αγ = δ γ β . Using the Pauli matrices σ 1,2,3 we define the van der Waerden symbols
with the hermicity properties
The van der Waerden symbols obey the completeness relations (σ a ) αα (σ a )β β = −2 δ β α δβα ,
where (σ ab ) αβ = −(σ ba ) αβ = (σ ab ) βα and (σ ab )αβ = −(σ ba )αβ = (σ ab )βα. These quantities obey the decomposition rules
and they have the duality properties
where ǫ abcd = ǫ abcd and ǫ 0123 = 1.
B The OSp(8|4) Subalgebra of shs E (8|4)
In the expansion (19), we find the quadratic polynomial
where λ ij , ǫ iα , ℓ αβ , a αβ are the parameters for SO (8) , supersymmetry, Lorentz transformations and translations respectively. The corresponding generators
obey the D = 4, N = 8 anti de Sitter superalgebra OSp(8|4)
and hermitian conjugates. The Sp(4) ≃ SO(3, 2) subalgebra is also given in the basis
leading to the algebra relations
where η AB = diag(− + + + −). One may notice that
Hence, considered as a vector space, shs E (8|4) can be identified with the subspace of the OSp(8|4) enveloping algebra which is spanned by odd, fully (anti-)symmetrized functions. However, when considered as algebras, shs E (8|4) and the OSp(8|4) enveloping algebra differ from each other. Actually, the OSp(8|4) relations (160) in combination with (163) do not alone suffice to determine the commutator of two general elements in shs E (8|4). Moreover, a representation of shs E (8|4) does not need to represent the relation (163), as is for instance the case with the tensor product representation (172).
C Matrix Description of shs E (8|4)
In the original formulation [], the extended higher spin algebra shs E (8|4) is given in terms of the two-component spinor variables y α andȳα and the hermitian SO(8) γ-matrices Γ i obeying
The elements of the resulting associative ⋆ algebra are of the form (3) with θ i replaced by Γ i . In this formulation an element P in shs E (8|4) obeys (−1) F P (−1) F = ππ(P ) , τ (P ) = −P ,
where the map τ and the ⋆ algebra involutions π,π and π θ are given by (13) and (14) with θ i replaced by Γ i . The important relation (29) between the spin and statistics and the SO(8) content still holds as a consequence of the first two conditions in (165) (upon using τ 2 = πππ θ ). Moreover τ (F ⋆ G) = τ (G) ⋆ τ (F ) provided F and G obey the two first equations in (165), which shows closure of the Lie bracket.
D Oscillator Realization of shs E (8|4)
One way to obtain unitary representations of shs E (8|4) is consider tensor products of the Fock space Φ obtained by acting on a ground state | 0 with a pair of bosonic creation operatorsâ † p (p = 1, 2) and fermionic creation operatorsψ A (A = 1, ..., 4) obeying [37, 38] [â p ,â † q ] = δ pq , p, q = 1, 2 ,
The representation on Φ of the element F of A given in (3) is given bŷ
whereŷ α ,ŷα andθ i are given bŷ a 1 = 1 2 (ŷ 1 + iŷ2) ,â 2 = 1 2 (ŷ1 + iŷ 2 ) ,ψ A = 1 2 (θ 2A−1 + iθ 2A ) .
Notice that the operatorF is fully (anti)symmetrized, or Weyl ordered. The ⋆ product of elements in A given in (5) , (8) and (10) is then represented in Φ by the ordinary operator product:
The resulting unitary representation of shs E (8|4) acts reducible on Φ, since the elements of shs E (8|4) are even polynomials, and as a result Φ actually splits into two UIR's of shs E (8|4),
where the states in Φ e (Φ o ) are made up by acting on | 0 with an even (odd) total number of fermionic and bosonic oscillators. The two spaces Φ e and Φ o remain irreducible under the OSp(8|4) subalgebra (160) of shs E (8|4) and they are labelled as follows using the notation introduced in (25)
where 8 s (8 c ) are the two 8-dimensional subspaces of the 16-dimensional Fock space of the fermionic oscillators, obtained by acting with an even (odd) number of fermionic creation operators on the vacuum. The representation of the element P in shs E (8|4) on the tensor product Φ ⊗ Φ is defined bŷ
where F(X) is the Grassmann parity of X (the vacuum is taken to be even). Notice that (172) implies that the tensor product is not a representation of the ⋆ algebra A. The tensor product form a reducible, unitary representation of shs E (8|4), containing the invariant subspaces [Φ λ ⊗ Φ λ ′ ] S,A , where λ, λ ′ = e, o, obtained by symmetrization (S) and anti-symmetrization (A) of the tensorproduct according to the rule
The result in Table 1 for 
where the odd Grassmann parity of the states in 8 c has been taken into account in the last equation.
E Symplectic Integration Formula
The linear differential equations in Z-space of the type
and 
where f (0) is an arbitrary constant and k(z) an arbitrary function. 
